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An Empirical Evaluation of Various Direct, 
Synthetic, and Traditional Composite           

Small-Area Estimators
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T he approximately 133 million tax records on 
the Internal Revenue Service’s (IRS) Individual 
Returns Transaction File have several uses to 

multiple government agencies.  In particular, these data 
serve as the sampling frame for the Statistics of Income 
(SOI) Division of IRS, as well as a source of population 
data for other tabulations.  For example, SOI publishes 
tabulated monetary amounts and the associated number 
of returns by State and Adjusted Gross Income (AGI) 
categories using these data (Table 2 in each spring issue 
of the SOI Bulletin).

These population data, based on administrative tax 
records for the U.S. tax fi ling population, are not error-
free.  While estimates from these data are free from 
sampling error, the data contain various nonsampling 
errors, as discovered in prior SOI research comparing 
return records in the transaction fi le to records for the 
same returns in SOI’s augmented and edited Form 1040 
sample.  Only items necessary for computer processing 
of a tax return are retained on the transaction fi le, as 
opposed to items that might be needed for other pur-
poses, such as producing statistical estimates.  Mea-
surement errors exist between the IRS and SOI data 
values due to different data editing rules.  For revenue 
processing purposes, IRS does not spend scarce re-
sources correcting errors that do not affect tax liability 
in the approximately 130 million tax return records it 
processes each year.  Since tax liability is correct, this 
approach does no harm to IRS’s tax collection mission 
or to taxpayers, but it can adversely affect the usability 
of the data for statistical purposes.  SOI’s transcription 
and editing staff receive extensive training, and the 
sample of approximately 230,000 returns is augmented 
with additional items from the return, and more closely 
monitored and checked for data consistency.  Errors 
occur particularly for variables that are indirectly re-
lated to tax liability, such as State and Local Income 
Taxes deducted on Schedule A. They were also discov-
ered for variables such as Taxable Interest and Busi-

ness Income/Loss from Sole Proprietors (as reported 
on Schedule C) in the Tax Year 2003 IRS data.  To 
correct these errors, SOI had to delay its publication 
of Table 2 for several months. Other limitations in the 
IRS data include a smaller amount of information be-
ing available, compared to SOI’s sample, and data are 
often provided to SOI in tabular form, with monetary 
amounts rounded to thousands, and certain high-in-
come taxpayers are omitted.

X Data Description

The SOI Sample

SOI draws annual samples of the Form 1040 tax re-
turns to produce richer and cleaner data for population 
estimation and tax modeling purposes.  Stratifi cation for 
the fi nite population of tax returns for SOI’s Tax Year 
2004 (i.e., income earned in 2004 and reported in 2005) 
Individual sample used the following categories:

1. Nontaxable returns with adjusted gross income or 
expanded income of $200,000 or more.

2. High combined business receipts of $50,000,000 
or more.

3. Presence/absence of special forms or schedules 
(Form 2555, Form 1116, Form 1040 Schedule C, 
and Form 1040 Schedule F).

Stratum assignment priority was based on the or-
der in which a return met one of these categories.  For 
example, if a return met (1) and (2), it fell into strata 
based on (1). Within category (3), further stratifi cation 
used size of total gross positive or negative income and 
an indicator of the return’s “usefulness” for tax policy 
modeling purposes (Scali and Testa, 2006).  The posi-
tive/negative income values in strata boundaries were 
indexed for infl ation between 1991 and the current tax 
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year (Hostetter et al., 1990).  This resulted in 216 stra-
ta.  While the sample was designed for tax modeling 
and produces reliable national-level estimates, it is not 
large enough to produce State-level estimates.

Each tax return in the target population was as-
signed to a stratum based on these criteria, then sub-
jected to sampling in a two-step procedure.  Within each 
stratum, a .05-percent stratifi ed simple random sample, 
called the Continuous Work History Sample (CWHS), 
was selected (Weber, 2004).  For returns not selected 
for this sample, a Bernoulli sample was independently 
selected from each stratum, with sampling rates from 
0.05 percent to 100 percent. 

SOI’s data capture and cleaning procedures re-
sulted in a sample of 200,778 (including 65,948 
CWHS returns) returns from an estimated population 
of 133,189,982 returns.  We placed the 34,484 tax re-
turns that SOI sampled with certainty into one certainty 
stratum, since they represented a census of tax returns. 
Thus, without loss of generality, we exclude this stra-
tum from the population and develop our estimation 
method to estimate totals from all other strata. In this 
way, all errors in the certainty units are isolated and 
accounted for; only the portion of the total produced 
from the noncertainty units needs to be estimated. To 
estimate the entire population total, we simply add the 
total from the certainty strata to our estimate for the 
remaining population.

Small Areas and Variables of Interest

The reduced dataset for this analysis was created 
by fi rst separating SOI’s Tax Year 2004 sample into 
the certainty and noncertainty units.  For both, the 
weighted sample data were tabulated to the State by 
Adjusted Gross Income (AGI) category level, where 
“State” included the 50 U.S. States, Washington DC, 
and an “other” category that included returns fi led by 
civilians and military individuals living abroad, such as 
U.S. possessions and territories, Puerto Rico, etc.  We 
also considered eight categories of AGI: Negative; $0 
under $20,000; $20,000 under $30,000; $30,000 un-
der $50,000; $50,000 under $75,000; $75,000 under 
$100,000; $100,000 under $200,000; and $200,000 
and higher.  These 52 States combined with the AGI 

categories resulted in 416 small areas. We consider es-
timates for the 52 States in this paper, utilizing the fact 
that there are differences in our variables of interest at 
the AGI category-level data. 

The IRS data, prior to cleaning by SOI staff, were 
also compiled to this level. The ten variables we select-
ed for this study can be grouped into two categories: 
variables that are more or less susceptible to errors in 
the IRS data.  They are as listed, with their locations on 
Form 1040 and a brief description, in Table 1.

Since SOI’s sample does not use State in the strati-
fi cation, the number of sample returns by State varies 
considerably.  Six of the States we considered large 
enough, i.e., more than 5,000 noncertainty returns with-
in each one, such that the associated direct estimates 
are reasonable.  The remaining States were collapsed 
into groups based on whether or not the State had State 
income taxes, geographic region, and whether the State 
had a relatively large or small size of income. This re-
sulted in 21 groups. They are listed, with the associated 
number of certainty and noncertainty sample units, in 
Table 2.

X Direct Estimators

Let ky  be the value of the characteristic of interest 
for the kth tax return, k U∈ , the fi nite population of 
tax returns.  We are interested in estimating the fi nite 
population total:

 k
k U

Y y
∈

= ∑ .  

Let s denote the sample of tax returns drawn from 
the population of tax returns using the stratifi ed Ber-
nouli sampling design. Let ds s⊂  denote the part of 
the sample that belongs to the domain d of interest.  Let 

kw  denote the sampling weight for the kth sampled tax 
return, k s∈ .  The sampling weight represents a cer-
tain number of population units in the fi nite population.  
With Bernoulli sampling within each stratum, we have 
epsem sampling within each stratum, i.e., the sampling 
weights are the same for all the sampled units belong-
ing to the same stratum.  The weights vary across strata, 
due to disproportionate allocation of the sample into 
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different strata.  Our domain cuts across the design 
strata, so that weights of sampled units inside a domain 
are generally different. 

Let

 
d

d k
k U

Y y
∈

= ∑

denote the population total for the dth domain (exclud-
ing the tax returns belonging to the centainty stratum), 
and ky  is the value of the study variable for the kth 
population unit.  In order to understand the extent and 
cause of errors in the IRS fi le, we consider the estima-
tion of R Y X= , where Y [X] denotes the AGI popula-
tion total that the SOI [IRS] fi le corresponds to.  We 
know X but not Y.  We estimate R for all the D G×  cells 
[ dgR ], D domains [ dR ], G groups [ gR ], and for the 
nation [ NR ].

Let ,  d gs s , and dgs  denote the set of sampled units 
belonging to domain d, group g and cell formed by dth 
domain and gth group formed by a categorized size of 

Susceptible 
 to Error Variable Location on 

2004 Tax Form Description a

 Adjusted Gross Income Line 36 Income reported from the calculation of total 
income (Line 22) (pp. 117-118). 

Less Salaries and Wages Line 7 
Amount of reported compensation primarily for 
personal services; includes salaries, wages, tips, 
bonuses, etc. (p. 138). 

 Total Tax Liability Line 62 Sum of tax-related line items on 1040 (p. 146). 

 Earned Income Tax Credit Line 65a Taxpayer credit for lower-income working 
individuals (pp. 123-124). 

 Net Schedule C Business Profit/Loss Line 12 Total of profits and losses from a taxpayer’s 
business, reported on Schedule C (p. 120). 

 Net Schedule D Capital Gains/Loss Line 13 Total of capital gains/loss, as reported on 
Schedule D (p. 120). 

More Total Contributions Lines 15-16, 
Schedule A  

Total of cash and noncash charitable 
contributions itemized deductions (p. 122). 

 Total Taxes Paid Deduction Lines 5-9,  
Schedule A 

Total of State and Local Taxes, Real Estate 
Taxes, Personal Property Taxes, and Other 
Taxes (p. 144). 

 Interest Paid Deduction Line 14, Schedule A 
Total of Home Mortgage Interest and 
investment interest deductions, from lines 10-13 
on Schedule A (p. 130). 

 Total Itemized Deductions Line 39 Total of all itemized deductions reported on 
Schedule A (pp. 144-145). 

a: page numbers from IRS 2005. 

States Within Group c nc 
Alaska, Washington 811 4,024 
Arkansas, Alabama, Mississippi, Louisiana 620 5,927 
Arizona, New Mexico, Utah, Colorado 1,432 7,415 
California 6,539 23,990 
Connecticut, Rhode Island, Massachusetts 2,211 7,952 
Washington DC, Maryland, Delaware 777 4,180 
Florida, Tennessee 4,052 14,566 
Georgia, North Carolina, South Carolina 1,265 10,108 
Hawaii, Other 790 1,815 
Iowa, Nebraska, Kansas, Missouri, Oklahoma 997 8,061 
Illinois 1,539 7,451 
Indiana, Ohio, Kentucky 1,135 9,908 
Maine, Vermont, New Hampshire 215 1,770 
Michigan, Wisconsin, Minnesota 1,447 10,379 
Montana, North Dakota, Idaho, Oregon 435 3,364 
New Jersey 1,273 6,138 
Nevada, Wyoming, South Dakota 934 2,450 
New York 4,527 13,101 
Pennsylvania 931 6,480 
Texas 2,318 11,427 
Virginia, West Virginia 731 4,798 

Table 1.  Variable Names, Tax Form Location, and Description, by Variable of Interest

Table 2.  States and Number of Certainty (c) and 
Noncertainty Sample Units (nc), by Collapsed Group
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AGI.  Let ;A cs denote the set of sampled units in an ar-
bitrary set of sampled units A that are common between 
the SOI and IRS fi les.  For example, ;dg cs  denotes the 
set of samples in domain d and group g that are com-
mon between the SOI and IRS fi les.  The notations 

; ; ;,   and d c g c N cs s s denote similar sets for the domain d, 
group g, and the nation.  Note that we may not introduce 
the new symbols ;dg cs , ;d cs , ;g cs , and ;N cs  if there is 
a one-to-one correspondence between the SOI sample 
and IRTF.  We estimate dgR , dR , gR , and NR  by:
 ; ;ˆ ˆ ˆdg dg c dg cR Y X= ,

 ; ;ˆ ˆ ˆd d c d cR Y X= ,

 ; ;ˆ ˆ ˆg g c g cR Y X= ,

 ; ;ˆ ˆ ˆN N c N cR Y X= ,

where the numerator and denominator components are 
the weighted sum of ky  and kx  over the appropriate 
summation, respectively. For example, with ˆdgR , we 
have

 
;

;ˆ

dg c

dg c k k
k s

Y w y
∈

= ∑
 

,

 
;

;ˆ

dg c

dg c k k
k s

X w x
∈

= ∑ .

If the IRS fi le is error-free, we would expect the above 
ratios to be exactly 1.  But since there are errors in 
the IRS data, we expect them to vary around 1. For 
example, Figure A.1 at the end of this paper contains 
ˆdR  for each variable of interest.  A vertical reference 

line of one is drawn, and the States are sorted by their 
number of noncertainty units in the sample.  The ˆdR s 
fl uctuate around one for all variables, particularly when 
the State sample size decreases (and sampling variance 
increases). They also fl uctuate more from one for vari-
ables that are more susceptible to the errors: that scale 
is 0.80 to 1.20 (compared to 0.99 to 1.04 for the “less” 
susceptible ones).

We consider seven direct estimators:

 
1

ˆ

d

dD k k
k s

Y w y
∈

= ∑
,   

(1)
 

 
2

ˆ

d d

dD d k k k
k s k s

Y N w y w
∈ ∈

= × ∑ ∑ ,
  

(2)

 3
ˆ ˆ
dD d dY R X= ,    (3)

 4
ˆ

dg dg

dD dg k k k
g k s k s

Y N w y w
∈ ∈

⎡ ⎤
⎢ ⎥= ×⎢ ⎥
⎢ ⎥⎣ ⎦

∑ ∑ ∑ , (4)

 5
ˆ ˆ
dD dg dg

g
Y R X=∑ ,   (5)

 6 1
ˆ ˆ ˆ ˆ( )dD dD N d dY Y R X X= + − ,  (6)

 
7 1

ˆ ˆ ˆ ˆ( )dD dD g dg dg
g

Y Y R X X= + −∑ . 
 

(7)

These are equal to or are various forms of the expansion 
estimator, weighted survey mean estimator, combined 
ratio estimator, poststratifi cation estimator, separate 
ratio estimator, combined survey regression estimator, 
and separate regression estimator, respectively.  They 
are “direct” estimators since all involve sample-based 
components at the small-area level.  The benefi t of di-
rect estimators is that they are completely or nearly de-
sign-unbiased estimators for the population total. How-
ever, they are subject to higher sampling variability, 
since they are based on the number of returns within 
each State (or State crossed with AGI group), which 
can be small. 

X Synthetic Estimators

We consider fi ve synthetic estimators:

 
1

ˆ
g g

dS dg k k k
g k s k s

Y N w y w
∈ ∈

= ×∑ ∑ ∑ , (8) 

 
2

ˆ ˆ
dS N dY R X= ,    (9)

 3
ˆ ˆ
dS g dg

g
Y R X=∑ ,               (10)

 4 1ˆ ˆdS g dg g
g

Y Y X X= ×∑ ,                            (11)

 

5 1ˆ ˆdS g dg g
g

Y Y N N= ×∑ .

              

(12)

 

,



- 5 -

AN EMPIRICAL EVALUATION OF VARIOUS DIRECT, SYNTHETIC, AND TRADITIONAL COMPOSITE SMALL-AREA ESTIMATORS

These estimators involve combining information across 
States and/or AGI groups to estimate the State-level to-
tals. Estimators (8) and (12) are a form of (4), (9) of 
(3), and (10) and (11) are a form of (5).  Due to implicit 
assumptions with each (see, e.g., section 4.2.1 in Rao, 
2003), they may not necessarily be design-unbiased. 
However, they may have lower variances, resulting in 
overall lower total error.

X Composite Estimators

To overcome the problems separately associated 
with the direct and synthetic estimators, we also ex-
amine composite estimators.  They have the following 
general form:

 ˆ ˆˆ ˆ ˆ(1 )dC d dD d dSY Y Yφ φ= + − ,

where d̂DY  is a direct estimator for the State-total, d̂SY  is 
a synthetic estimator, and d̂φ  is a “suitably chosen weight” 
on the direct estimator (expression 4.3.1 in Rao, 2003).  We 
present results using two composite estimator weights:

 2

ˆ1 if 1
ˆ

ˆ ˆif 1

d d
d

d d d d

N N

N N N N
φ

⎧ ≥⎪= ⎨
⎡ ⎤ <⎪⎣ ⎦⎩

 (13)

 

2

2

ˆ ˆ ˆ0 if ( ) ( ) 1
ˆ

ˆ ˆ ˆ1 ( ) ( )  otherwise

dD dD dS
d d

dD dD dS
d d

var Y Y Y

var Y Y Y
φ

⎧ − ≥
⎪⎪= ⎨
− −⎪

⎪⎩

∑ ∑

∑ ∑ ,

 

(14)

with various combinations of direct estimators (1)-
(7) combined with synthetic estimators (8)-(12). The 
weight in (13) was proposed by Sarndal and Hidiroglou 
(1989), while (14) is a form of the James-Stein esti-
mator (expression 4.4.3 in Rao, 2003) with a common 
weight. They are different in that (13) depends on the 
State but not variable of interest, while (14) depends on 
the variable but not State.

X Results

Figure A.2 at the end of this paper contains the IRS 
totals dX  for each variable and collapsed State group.  

This allows for a useful comparison between estimates 
similar to those published by SOI and our alternatives. 

Figure A.3 contains plots of the relative differences 
of the direct estimates in (1), shown in A.2, to various 
alternatives, for variables that are less susceptible to er-
ror. The estimates are referenced with the subscript in 
each plot on the horizontal axis are sorted by the size 
of the coeffi cient of variation CV of 1d̂DY  in (1). Three 
combinations of direct and synthetic estimators are 
considered: (1) and (8); (1) and (11); and (2) and (12).  
Combined with the two weight choices (13) and (14), 
we have six composite estimators. These are labeled 
“C” and “JS,” with the direct and synthetic number, re-
spectively.  For example, “C 1,1” refers to a composite 
estimator with (1) as the direct, (8) as the synthetic, and 
weight (13). Relative differences outside (-10 percent, 
10 percent) were truncated.

For AGI, the relative differences to the IRS totals 
were within 2 percent for all groups except NV/WY/
SD and HI/Other, as this variable had lower amounts 
of both sampling error in the direct estimates and non-
sampling error in the IRS totals. Salaries and Wages 
and Total Tax Liability had similar patterns as noted 
in AGI, but somewhat larger relative differences.  The 
Earned Income Tax Credit plot showed even larger rel-
ative differences.  This was caused by larger sampling 
errors (e.g., the highest CV of 1d̂DY  was 18 percent, 
compared to 4 percent for AGI).  Since this credit was 
also claimed only by lower-income taxpayers, there 
were several zero values in both the SOI and IRS data 
given the sample design described in the SOI Sample.  
Differences between the AGI-category level ratios and 
one resulted in poorer synthetic estimates (with ex-
tremely high relative differences) using (9) and (12) for 
both larger and smaller States.  Direct estimates (3) and 
(4) looked stable.

Figure A.4 contains the same ratio plots as the di-
rect estimates from Figure A.1, for variables that are 
more susceptible to error. Relative errors outside (-100 
percent, 100 percent) were truncated, and, again, the 
States were sorted by the CV of 1d̂DY . These variables 
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had much different results for the different estimators, 
particularly for the smaller State groups—there was not 
a clear pattern due to the sampling error, as noted in 
Figure A.3. The relative differences were most often 
highest for the HI/Other group, where the SOI sample 
estimates are very far from the IRS totals.  This also 
caused differences in the direct or synthetic estimates 
that used the estimated group population size from the 
SOI sample (about 790,000 returns) and the IRS total 
(about 1.5 million).  The same instability with estima-
tors (9) and (12) occurred with all of these variables.  
However, the IRS totals here are considered less reli-
able due to nonsampling error, resulting in larger rela-
tive differences.

X Conclusions, Limitations, and 
Future Considerations

In general, the direct estimates are further from the 
IRS totals (particularly for smaller States), while the 
synthetic are closer, and the composite are a compro-
mise between the two.  Starting in Tax Year 2005, the 
CWHS will become a 10-percent stratifi ed simple ran-
dom sample.  This means that approximately 65,000 
noncertainty units will be added to SOI’s sample, which 
will increase the reliability of the direct estimates.

Our comparisons were between various estimated 
totals and the corresponding IRS ones.  We should 
also compare the direct estimates’ sampling error to 
the mean square error in the synthetic and composite 
ones.  These are more diffi cult to compute, particu-
larly since more sample units are required for reli-
able estimates.  Another alternative to consider is us-
ing composite estimators from (1), (3), and (4) as the 
direct estimates and the IRS totals as the synthetic 
ones.  A natural extension of the composite estimates 
is small-area modeling, which is also currently under 
consideration. Ultimately, we are also interested in 

the State-level estimates, but the collapsing of States 
into groups allowed for a useful comparison between 
the alternatives, and also demonstrated that the direct 
estimates were affected by sampling error in smaller 
States. Thus, adjustments are needed when applying 
them simply at the State level.
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AN EMPIRICAL EVALUATION OF VARIOUS DIRECT, SYNTHETIC, AND TRADITIONAL COMPOSITE SMALL-AREA ESTIMATORS
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Figure A.3.  Comparison Plots of Percentage Relative Difference of Alternative Estimators to IRS Totals, by 
Variable, Collapsed State Group, and Estimator for Variables Less Susceptible to Error

Salaries and wages



- 10 -

HENRY, STRUDLER, AND CHEN   2007 SOI PAPER SERIES

Figure A.3.  Comparison Plots of Percentage Relative Difference of Alternative Estimators to IRS Totals, by 
Variable, Collapsed State Group, and Estimator for Variables Less Susceptible to Error—Continued
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Figure A.4.  Comparison Plots of Relative Differences of Alternative Estimator to Direct Estimates, 
by Variable, Collapsed State Group, and Estimator (Variables More Susceptible to Error, Sorted by Size 
of the CV of the Direct)
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Figure A.4.  Comparison Plots of Relative Differences of Alternative Estimator to Direct Estimates, 
by Variable, Collapsed State Group, and Estimator (Variables More Susceptible to Error, Sorted by 
Size of the CV of the Direct)—Continued
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Figure A.4.  Comparison Plots of Relative Differences of Alternative Estimator to Direct Estimates, 
by Variable, Collapsed State Group, and Estimator (Variables More Susceptible to Error, Sorted by 
Size of the CV of the Direct)—Continued
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